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ABSTRACT 


Conditions  that  guarantee  the  uniqueness  of  equilibrium  are  crucial 
to  applications  of  these  models  in  exercises  of  comparative  statics.   Until 
now,  most  of  the  attention  given  to  the  uniqueness  question  have  been 
focused  on  pure  exchange  economies.   In  this  paper  we  use  a  topological 
index  theorem  to  derive  necessary  and  sufficient  conditions  for  the 
uniqueness  of  equilibrium  in  economies  with  constant-returns  production. 
Unfortunately,  conditions  that  imply  uniqueness  appear  to  be  too  restrictive 
to  have  much  applicability.   We  argue,  for  example,  that  the  only 
economically  interpretable  restrictions  that  imply  uniqueness  are  that 
an  economy  has  only  a  single  consumer  or  is  an  input— output  system.   Our 
results  suggest  a  need  for  reformulation  of  the  comparative  statics  method. 


1.   INTRODUCTION 

Conditions  that  guarantee  the  uniqueness  of  equilibrium  in  models  of 
economic  competition  are  crucial  to  applications  of  these  models  in 
exercises  of  comparative  statics.   In  such  an  exercise  we  begin  by  reducing 
the  hypotheses  made  about  an  economic  system  to  a  mathematical  model, 
usually  a  system  of  equations.   Each  equation  involves  two  types  of  variables, 
endogenous  variables,  whose  values  we  are  interested  in  determining,  and 
exogenous  variables,  or  parameters,  which  describe  the  environment  we  are 
studying.   Next,  for  given  values  of  the  parameters,  we  determine  those  values  of 
the  endogenous  variables  that  solve  the  system  of  equations.   Finally,  and 
this  is  the  step  that  distinguishes  the  comparative  statics  methods,  we 
study  how  this  solution  changes  as  the  parameters  vary.   The  fundamental 
hypothesis  underlying  this  type  of  analysis  is  that  the  state  of  the  economic 
system  can  be  completely  specified  by  this  solution  ,  which  is  the  equilibrium 
of  the  system.   If,  for  a  given  vector  of  parameters,  there  is  more  than  one 
solution,  then  the  comparative  statics  methods  breaks  down.   Lacking  conditions 
that  guarantee  uniqueness,  we  must  resort  to  considerations  of  historical 
conditions  and  dynamic  stability,  which  greatly  complicate  the  analysis. 

Until  now,  most  of  the  attention  given  to  the  uniqueness  question  has 
been  focused  on  the  pure  exchange  model,  where  the  only  economic  activity  is 
the  exchange  of  given  endowments  of  commodities  among  consumers.  One  reason 
for  this  bias  in  approach  is  obvious.  Tlie  pure  exchange  model  is  formulated  by 
setting  the  aggregate  excess  demands  of  consumers  equal  to  zero.  The  excess 
demand  functions  can  easily  be  assumed  to  be  single-valued,  continuous,  and, 
when  convenient,  diff erentiable.   In  constrast,  the  usual  formulation  of  the 


model  with  constant-returns  production  involves  upper-semi-continuous,  set- 
valued  correspondences.   Although  this  formulation  is  often  convenient  for 
proving  the  existence  of  equilibrium,  it  is  poorly  suited  for  studying  the 
question  of  uniqueness. 

The  cause  of  this  difficulty  lies  in  the  nature  of  constant-returns 
production.   The  responses  of  producers  to  a  vector  of  prices  cannot  be 
assumed  to  be  single-valued.   An  obvious  answer   is  to  impose  conditions 
on  the  production  technology  that  ensure  single-valued  responses.   This  is 
easily  accomplished  if  we  are  willing  to  accept  decreasing  returns  to  scale. 
In  this  case,  the  results  obtained  for  the  pure  trade  model  can  be  applied 
directly.   There  are,  however,  two  immediate  drawbacks  to  this  approach. 
First,  the  conditions  obtained  are  often  difficult  to  interpret  and  to  impose. 
For  example,  some  scheme  must  be  devised  to  distribute  profits  in  such  an 
economy  which  would  necessarily  distort  the  income  effects  in  changes  in 
demand.   Moreover,  as  Rader  [29]  has  pointed  out,  such  conditions  as  gross 
substitutability  cannot  easily  be  imposed  on  supply  functions.   Second,  this 
approach  lacks  generality.   As  McKenzie  [24]  has  argued,  decreasing  returns 
can  be  treated  as  a  special  case  of  constant  returns  but  not  the  converse. 
A  further  argument  is  often  advanced  that  decreasing  returns  cannot  prevail 
in  a  production  technology  where  all  inputs  are  fully  specified.   A  realistic 
model  would  undoubtedly  allow  for  increasing  returns  and  indivisibilities  in 
production.   The  difficulties  connected  with  increasing  returns  are,  however, 
of  a  higher  order  of  magnitude  than  those  dealt  with  here. 

In  this  paper  we  explore  the  question  of  when  an  economy  with  constant- 
returns  production  has  a  unique  equilibrium.  Our  approach  employs  the  index 
theorem  developed  by  Kehoe  [16,  18],  who  utilizes  a  single-valued,  continuous 
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f unction  whose  fixed  points  are  equivalent  to  equilibria  of  the  model.   Each 
fixed  point  of  this  function  is  associated  with  an  index  that  is  an  integer 
determined  by  the  local  properties  of  this  function  at  that  point.   The  index 
theorem  makes  a  statement  about  the  sum  of  all  the  indices  of  equilibria  that 
allows  us  to  establish  conditions  sufficient  for  uniqueness.  Furthermore,  the 
mathematical  conditions  for  uniqueness  are  necessarily,  as  well  as  sufficient, 
in  almost  all  economies.   The  results  that  we  derive  generalize  those  of 
Dierker  [7]  and  Varian  [34],  who  deal  with  pure  exchange  economies. 

Unfortunately,  the  conditions  required  for  uniqueness  of  equilibrium  in 
production  economies  appear  to  be  more  restrictive  than  those  in  pure  exchange 
economies.   Since  the  time  of  Wald  [36],  for  example ^  it  has  been  known  that, 
if  either  the  weak  axiom  of  revealed  preference  or  gross  substitutability  is 
satisfied  by  consumer  excess  demand  function,  then  a  pure  exchange  economy  has 
a  unique  equilibrium.   This  is  not  the  case  for  an  economy  with  production. 
In  fact,  if  the  production  technology  is  arbitrary,  although  the  weak  axiom 
is,  in  general,  both  necessary  and  sufficient  for  uniqueness,  gross  substitut- 
ability is  neither.   Since  the  weak  axiom  is  an  extremely  restrictive  assumption 
to  impose  on  the  aggregate  excess  demand  function  of  consumers,  this  observation 
suggests  that  non-uniqueness  of  equilibrium  is  a  less  pathological  situation 
than  sometimes  thought.   A  more  subtle  and  far-reaching  suggestion  of  our 
results  is  the  need  for  a  reformulation  of  the  comparative  statics  method 
itself. 
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2.   THE  INDEX  THEOREM 

Let  us  begin  by  briefly  summarizing  the  results  of  Kehoe  [17,  18].   We 

specify  the  consumption  side  of  an  economy  by  an  aggregate  excess  demand 

function  C  and  the  production  side  by  an  activity  analysis  matrix  A.   In  such 

an  economy  with  n  goods,  C  is  a  function  of  the  price  vector  it  =  (tt  ,  ...,7t  ), 

i      n 

We  assume  that  E,   satisfies  the  following  assumptions: 

Assumption  1  (Differentiability):   C:  R,  \^^  R  is  a  continuously  dif ferentiable 
function;  here  Z  is  a  subset  of  the  boundary  of  R  that  includes  the  origin. 
Furthermore,  E,   is  bounded  from  below  R  and  satisfied  the  condition  that,  if 
it''"  -^  TT  where  it"""  e  R?^\z  and  7Tez\{0},  then  |  I^Ctt"*")  |  |  •^<=°. 

Assumption  2  (Homogeneity):   5  is  homogenous  of  degree  zero;  that  is, 
^(tTT)  =   ?(tt)  for  all  t  >  0. 

Assumption  3  (Walras's  law):   5  obeys  Walras's  law;  that  is,  TT'C('f:)  =  0. 

When  Assumption  1  is  replaced  by  a  weakened  continuity  assumption. 
Assumptions  1-3  fully  characterize  aggregate  excess  demand  functions  under 
the  general  conditions  of  utility  maximization  (see  McFadden,  Mas-Colell, 
Mantel,  and  Richter  [23]). 

We  further  assume  that  the  n  >^  m  activity  analysis  matrix  A  satisfies 
the  following  assumptions : 

Assumption  4  (Free  disposal):   A  includes  n  free  disposal  activities,  one  for 
each  commodity;  that  is,  the  n  x  n  matrix  -I  is  a  submatrix  of  A. 
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Assumption  5  (Boundedness) :   There  are  no  outputs  without  any  inputs,  that  is, 
{xeR  |x  =  Ay  >_  0,  y  >^  0}   =   {0};  equivalently,  there  exists  tt  >  0  such  that 
tt'  A  £  0. 

A  pure  exchange  economy  is  one  where  the  only  production  activities  are  the 
disposal  ones,  in  other  words,  where  A  =  -I. 

To  derive  the  index  theorem,  we  define  a  single-valued,  continuous 
function  g  whose  fixed  points  t\  =   g('n)    are  equivalent  to  equilibria  of 
(5, A).   The  notion  of  equilibrium  is  defined  in  an  obvious  manner: 

Definition:   An  equilibrium  of  an  economy  (C,A)  is  a  price  vector 
ITER  \Z  that  satisfies  the  following  conditions: 

a.   tt'A  <   0. 

h.      There  exists  y  >^  0  such  that  5(it)  =  Ay. 

c.   ir'e  =  1  where  e  =  (1,...,1). 

Several  economists  have  defined  single-valued  functions  whose  fixed  points 
are  equivalent  to  such  equilibria.   They  include  McKenzie  [24,  25],  Scarf  [32, 
pp.  162-169],  and  Todd  [33].   The  approach  we  employ  is  based  on  Todd's. 


Letting  S   =   {freR   |7i'A<^  0,  ■iT'e=l},  we  define  p  ■'^  as  the  projection  map  that 


^    \ti'A<   0,  7T'e=l},  we  define  p^^ 
takes  any  point  qE  R  into  the  point  p  '^(q)eS   that  is  closest  in  terms  of 
euclidean  distance.   Since  S   is  compact  and  convex  by  Assumption  4  and 
definition  and  non-empty  by  Assumption  5,  p  A  is  a  continuous  function.   The  fixed 
points  of  the  function  g(iT)  =p  A(7t  +  ^(tt))  can  easily  be  shown  to  be 
equivalent  to  equilibria  of  (?,A).   The  proof,  which  is  given  by  Kehoe  [18], 
is  a  simple  application  of  the  Kuhn- Tucker  theorem.   To  define  g  on  all 
R^\{0},  we  need  to  somehow  bound  E,.      Kehoe  [17]  presents  a  simple  method   for 
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doing  this.   Since  g  is  a  continuous  mapping  of  the  non-empty,  compact,  convex 
set  S   into  itself,  Brouwer's  fixed  point  theorem  implies  that  it  has  a  fixed 
point  and,  hence,  that  (C,A)  has  an  equilibrium. 

To  count  the  number  of  equilibria,  we  employ  a  dif ferentiable  version 
of  the  Lefschetz  fixed  point  theorem  given  by  Saigal  and  Simon  [30].   There 
is,  however,  a  minor  problem  to  overcome  before  this  theorem  can  be  applied: 
The  function  of  g  is  not  everywhere  dif ferentiable.   All  we  really  need  is 
that  g  is  dif ferentiable  at  its  fixed  points.   To  ensure  this,  we  impose  two 
additional  assumptions: 

Assumption  6:   No  column  of  A  can  be  expressed  as  a  linear  combination  of 
fewer  than  n  other  columns. 

Assumption  7:   Let  B(tt)  denote  the  submatrix  of  A  whose  columns  are  all  those 

activities  (possibly  none)  that  earn  zero  profit  at  tt.   At  any  equilibrium  it 

all  activity  levels  y,  are  strictly  positive  in  the  equation 

b 

5(-^)  =  S   ^  y  b. 
beB(Tr) 

In  the  following  analysis  we  focus  our  attention  on  the  derivatives  of  g. 

To  simplify  the  presentation,  we  let  X  C  R  be  a  smooth  (that  is,  C  )  n 

dimensional  manifold  with  boundary  that  contains  S  in  its  interior,  does  not 

contain  the  origin,  and  is  compact  and  convex.   It  is  a  straightforward 

matter  to  extend  the  domain  of  g  to  all  X  using  the  approach  of  Saigal  and 

Simon.   We  want  to  investigate  properties  of  economies  (^,A)    for  which  0  is 

a  regular  value  of  the  map  (g  -  I)  :   X  ->-  R  ;  here  I  is  the  identity  map  on 

Definition:   An  economy  (C,A)  that  satisfies  Assumption  6  and  Assumption  7 
and  is  such  that  (Dg'^   -  I)  is  non-singular  at  every  equilibrium  is  a 
regular  economy.   Economies  that  are  not  regular  are  critical  economies. 
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This  definition  of  regular  economy  is  equivalent,  to  that  given  by  Debreu  [4] 
for  the  special  case  of  a  pure  exchange  economy  with  all  equilibria  strictly 
positive. 

We  focus  our  attention  on  regular  economies  because,  first,  almost  all 
economies  are  regular  and,  second,  regular  economies  possess  very  desirable 
properties.   To  make  a  statement  about  how  common  regularity  is  in  the  space 
of  economies  that  satisfy  Assumption  1-5,  we  must  give  this  space,  E  ,  a  topolo- 
gical structure.   We  do  this  by  defining  the  concept  of  distance  between  two 

11        2   2 
economies  (^  ,A  )  and  (E,    ,A  ) .   We  endow  the  space  of  excess  demand  functions 

with  the  topology  of  uniform  C   convergence  on  conpacta;  in  other  words, 

1  2 

we  say  that  ^  is  close  to  ^  if  their  values  and  the  values  of  their  first 

derivatives  are  close  at  price  vectors  in  compact  subsets  of  S.   Recalling 

that  the  disposal  activities  are  fixed,  we  endow  the  space  of  activity 

analysis  matrices  with  the  standard  topology  on  R      ;  in  other  words,  we 

1  2 

say  that  A  is  close  to  A  if  their  non-disposal  activities  are  close  in 

the  sense  of  euclidean  distance.  E  itself  receives  the  natural  product  topology; 

11  22  12  12 

(E,    ,A  )  is  close  to  (^  ,A  )  if  both  E,     and  E,     are  close  and  A  and  A  are  close. 

The  meaning  of  the  statement  that  almost  all  economies  are  regular  is  that 
regular  economies  form  a  subset  of  E  that  is  open  and  dense  in  this  topology. 
The  properties  of  regular  economies  were  first  studied  by  Debreu  [4]  in 
the  context  of  the  pure  exchange  model.   The  same  properties  hold  for  the 
model  with  constant-returns  production.   If  (E,,A)    is  regular,  then  it  has  a 
finite  number  of  isolated  equilibria  that  vary  continuously  with  its  para- 
meters.  This  implies,  for  example,  that  the  number  of  equilibria  is  locally 
constant.   Furthermore,  the  index  theorem  developed  by  Dierker  [7]  for  pure 
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exchange  economies  can  be  extended  to  the  model  with  production.   If  we 
define  L^(g)  =  sgn(det [Dg^-I] )  as  the  local  Lefschetz  number  of  a  fixed 

IT  TT 

point  of  g  when  Dg^  -I  exists  and  is  non-singular  at  every  fixed  point, 

7T 

then  the  Lefschetz  fixed  point  theorem  says  that    E   L  (g)  =  (-1)  . 

TT=g(lT) 

It  will  be  convenient  to  develop  expressions  for  the  index  that  do  not 
directly  involve  the  function  g.   Using  the  chain  rule,  we  can  differen- 
tiate g  to  obtain 

Dg^   -I  =  (I-C(C'C)"-'-C')(I  +  T)KJ   -I,     . 

TT  TT  ■         ' 

where     C  =  [e  B(tt)]  . 


Definition.   For  any  economy  (C,A)  e  £  that  satisfies  Assumption  6  and 
Assumption  7,  if  an  equilibrium  tt  is  such  that  [(I-C(C'C)   C')(I  +  D^^)-I, 

TT 

is  non-singular,  then  index  (tt)  is  defined  as 

(-1)''  sgn(det[(I-C(C'C)"^C')  (I+D?  )-I]). 


The  index  theorem  is  an  immediate  consequence  of  the  theorem  of  Saigal  and 
Simon  and  the  definitions  of  index(TT)  and  regular  economy. 

Theorem  1.   If  (C,A)  is  a  regular  economy,  then  index  (tt)  is  defined  and 
equal  to  +1  or  -1  at  every  equilibrium  and   X    index  (tt)  =  +1. 

TT=g(TT) 

This  result  is  illustrated  in  Figure  1,  where  tt  and  g(7T)  may  be  interpreted 
as  the  first  coordinates  of  a  two  commodity  economy,  where  tt  =  1  -  tt  and 
gp(fT)  =  1  -  g,  (tt)  ,  although  we  do  not  mean  to  be  precise. 
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FIGURE   1 
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Before  proceeding  further,  let  us  make  two  remarks  about  the  index 
theorem.   First,  the  method  that  we  have  used  to  derive  this  result  is 
not  unique.   Any  single-valued,  continuous  function  whose  fixed  points 
are  equivalent  to  equilibria  and  which  is  dif ferentiable  at  its  fixed 
points  will  do.   It  is  not  even  necessary  to  employ  such  a  function; 
Mas-Colell  [28]  has  independently  derived  a  similar  result  using  homotopy 
arguments.  Second,  this  result  can  easily  be  extended  to  more  general 
production  technologies.   Kehoe  [17]  relaxes  both  the  activity  analysis 

specification  and  the  free  disposal  assumption.   The  activity  analysis 
specification  can  be  generalized  to  any  production  technology  with  a 
finite  number  of  production  functions  that  possess  smooth  profit  functions. 
The  assumption  of  constant  returns  and  Hotelling's  lemma  allow  us  to 
interpret  the  gradients  of  these  profit  functions  as  activities,  and  the 
calculation  of  the  index  remains  the  same.   The  free  disposal  assumption 
and  be  generalized  to  the  assumption  that  the  production  cone  has  an 
interior  if  we  are  careful  about  redefining  the  domain  of  ^.  Letting 
X  £  R  be  some  point  in  the  interior  of  this  cone,  we  calculate  the  index 
in  a  similar  manner  to  that  used  above,  replacing  the  vector  e  with  -x. 

Employing  the  index  theorem  presented  above,  we  are  able  to  count  the 
number  of  equilibria  of  a  regular  economy.   The  formula  that  we  have  developed 
for  this  purpose,  however,  lacks  any  clear  economic  interpretation.   To  apply 
our  result  to  specific  economic  models s  we  must  find  alternative  expressions 
for  the  index  of  an  equilibrium.   One  way  to  develop  such  expressions  is  to 
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manipulate  the  matrix  [(I-C(C'C)   c'Xl+Df,")  -  I]  without  changing  the 

sign  of  its  determinant.   Using  elementary  row  and  column  operations  with 

this  property,  we  would  find  it  a  straightforward,  if  slightly  laborious, 
task  to  demonstrate  that  the  following  formulas  are  equivalent  to  that 
given  above: 


index  (rr)  =  (-1)  sgn   det 


0   e' 
e  DK 


II 


0         B'(Tr) 


=  (-1)   Sgn  1  det  1  D'^  -E   B(tt) 

B'(Tr)   0 


0  . 
B(u) 

0 


J 


Another  useful  formula  can  be  derived  by  choosing  some  price,  say  the  first, 
as  numeraire.   Let  J  be  formed  by  deleting  the  first  row  and  column  from 
D£  ^  and  let  B  be  formed  by  deleting  the  first  row  from  B(tt),   If  tt   >  0, 
then 

A. 

index  (tt)  =  sgn  /  det 


-J 

-B 

B' 

0 

Since  Assumption  7  implies  that  the  disposal  activity  for  commodity  i  is 
a  column  of  B(tt)  if  tt  =  0,  we  can  also  delete  any  row  and  coluinn  from  J, 
along  with  the  row  and  disposal  activity  from  B,  that  correspond   to  a 
commodity  that  is  a  free  good  at  equilibrium.   If  only  one  price  is 
positive  at  an  equilibrium,  then  index  (tt)  =  +  1. 

3.   GROSS  SUBSTITUTABILITY 


The  most  significant  consequence  of  the  index  theorem  is  that  it 
permits  us  to  establish  conditions  sufficient  for  uniqueness  of  equilibria. 
If  the  parameters  of  an  economy  (C,A)  are  such  that  at  every  equilibrium 
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the  index  is  defined  and  equal  to  +1,  the  set  of  equilibrium  prices 
consists  of  a  single  point.   A  partial  converse  to  this  observation 
is  also  valid.   If  an  economy  (5, A)  has  a  unique  equilibrium  it,  it 
cannot  be  the  case  that  index  (tt)  =  -1.   Thus  an  economy  with  a 
unique  equilibrium  either  is  a  critical  economy  or  else  is  such  that 
index  (tt)  =  +1,   The  condition  that  index  (tt)  =  +1  at  every  equilibrium 
is,  therefore,  necessary  as  well  as  sufficient  for  uniqueness  in  almost 
all  cases.   Consequently,  it  is  not  surprising  to  find  that  most 
previous  theorems  dealing  with  uniqueness  of  equilibrium  are  special 
cases  of  our  uniqueness  theorem. 

As  we  have  noted,  the  bulk  of  work  done  on  the  uniqueness  question 
has  dealt  with  the  pure  exchange  model,  which,  from  our  perspective,  is 
an  easy  case  to  analyze.   The  index  theorem  implies  that,  if 
det  [  -  J  ]  >  0  at  every  equilibrium  of  a  pure  exchange  economy,  then  there 
is  a  unique  equilibrium.   When  we  restrict  ourselves  to  economies  with 
dif ferentiable  excess  demand  functions,  this  is  the  most  general  result 
possible.   Indeed,  any  conditions  that  imply  uniqueness  must  also  imply 
that  det  [  -  J]  >  0  at  every  equilibrium  if  we  rule  out  critical  economies. 
In  any  case,  such  conditions  must  imply  that  det  [  -  J]  >  0  at  every 
equilibrium. 

These  conditions  for  uniqueness  derived  from  the  index  theorem  are, 
of  course,  closely  related  to  conditions  that  those  derived  by  other  means. 
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Previous  to  the  development  of  the  index  theorem  by  Dierker  [7],  the  most 
general  conditions  for  uniqueness  of  equilibrium  were  those  given  by 
Gale  and  Nikaido  [13].   The  basic  result  was  that,  if  every  equilibrium 
of  a  pure  exchange  economy  is  strictly  positive  and  if  det  [  -  J]  never 
vanishes  on  the  domain  of  positive  price  vectors,  then  the  economy  has 
a  unique  equilibrium.   Obviously,  this  global  univalence  theorem  is  a 
special  case  of  our  index  theorem  since,  if  det  [  -  J]  has  the  same  sign 
at  every  equilibrium,  then  it  must  indeed  be  positive  at  every  equilibrium. 
The  index  theorem  is,  however,  more  general  than  the  global  univalence 
theorem  in  a  mathematical  sense.   It  imposes  assumptions  on  [  -  J]  only 
at  equilibria,  rather  than  at  all  positive  price  vectors,  and  it  is 
necessary  as  well  as  sufficient.   Nevertheless,  the  easiest  way  to  ensure 
that  det  [  -  J]  is  positive  at  every  equilibrium  is  to  ensure  that  it  is 
positive  ever5n^rhere  in  the  domain  of  5.   In  practice,  therefore,  the 
mathematical  conditions  of  the  index  theorem  often  lose  their  necessity 
when  we  convert  them  into  a  set  of  conditions  on  the  parameters  of  (C,A) 
with  an  economic  interpretation. 

To  illustrate  the  consequences  of  the  index  theorem,  let  us  consider 
the  case  of  gross  substitutability. 
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Definition  An  excess  demand  function  that  satisfies  Assumptions  1-3 
is  said  to  exhibit  gross  substitutability  if  (B^./Btt.)  (it)  >  0  for  all 
i  ^  j  and  all  points  it  e  R,\z  . 

It  is  well-known  that  gross  substitutability  in  E,   implies  uniqueness  of 
equilibrium  in  a  pure  exchange  economy  (see  Arrow,  Block,  and  Hurv/icz  [1]). 
This  same  result  is  trivial  to  demonstrate  using  our  index  theorem.   We 
first  note  that  gross  substitutability  implies  that  any  equilibrium  price 
vector  is  strictly  positive  (Arrow  and  Hahn  [2, pp.  221-222]).   The  homogeneity 

assumption  ,  when  differentiated,  implies  that  DC  ttHO.   Therefore  the 
matrix 


-J 


5 

9^. 


■<T^) 


-(TT) 


9C; 


-(-rr) 


9C 


n 


9^ 


M 


has  positive  diagonal  elements  and  negative  off-diagonal  elements.   Further- 
more,  -  Z  .^„  n  .(d^  . /d^n .)  (n)   =  it  (9^  . /9Tr,  )  (rr)  >  0,  i  =  2,...,n,  implies  that 
-J  has  the  same  form  as  a  productive  Leontief  matrix;  that  is,  -J  is  a  P 
matrix  with  all  its  principal  minors  positive.   Thus,  det[-J]  >  0  at  every 
equilibrium,  and  the  index  theorem  implies  that  there  is  a  unique  equili- 
brium.  The  gross  substitutability  conditions  can  easily  be  weakened  to 

(9C . /9tt  . )  (tt)  >  0  for  all  i  ^  j  if  we  make  provisions  to  rule  out  critical 
economies . 
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Unfortunately,  in  economies  with  production,  the  gross  substitutability 
conditions  do  not  seem  to  play  a  significant  role.   If,  however,  -J  is  a 
positive  definite  matrix,  a  special  type  of  P  matrix,  then  index  (tt)  is 
positive.   To  demonstrate  this  point,  we  need  the  following  lemma. 

Lemma  1.   Let  J  and  B  be  defined  as  previously.   If  J  is  non-singular,  then 
index  (tt)  =  sgn(det[-J]  •  det[-B'J  ^]  )  . 


Proof.   We  base  our  argument  on  that  of  Gantmacher  [14,  pp.  45-46].   The 
expression 


det 


-J   -B 
B'    0 


has  the  same  sign  as  index  (tt)  .   If  we  pre-multiply  the  first  row  of  this 
matrix  by  B'J   and  add  it  to  the  last  row,  the  determinant  stays  the  same. 
The  sign  of  index  (it)  is  then  equivalent  to  that  of 


det 


-J 
0 


-B 
-B'j"''-B 


det[-J].det[-B'J  -""B] 


-;-l 


D 


That  -J  is  positive  definite  implies  that  -J   is  positive  definite,  which 

in  turn  implies  that  -B'J  B  is  positive  definite.   Therefore,  if  -J  is 

positive  definite,  index  (tt)  =  +1.   Recall,  however,  that  although  a 

positive  definite  matrix  is  a  P  matrix,  the  converse  does  not  necessarily 

hold  unless  the  P  matrix  is  symmetric.   There  is,  of  course,  no  reason  for 

-J  to  be  symmetric.   That  -J  is  a  P  matrix  does  not,  therefore,  seem  to 

imply  anything  about  index  (tt)  ,   Indeed,  Kehoe  [20]  has  constructed  an 

economy  with  four  commodities  are  gross  substitutes  that  has  three 
equilibria. 
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Nonetheless,  it  should  be  admitted  that  an  example  of  non-  uniqueness 
coupled  with  gross  substitutability  in  demand  cannot  be  constructed  with 
fewer  than  four  commodities.   If  n  £  3,  gross  substitutability  in  demand 
implies  uniqueness.   To  demonstrate  this  somewhat  curious  result,  we 
employ  the  following  lemma. 


Lemma  2.   Let  J  and  B  be  defined  as  previously.   If  B  has  n  -  1  colums, 

then  index  (tt)  =  +1. 

Proof.   If  an  equilibrium  tt  has  an  nx(n-l)  matrix  of  activities  associated 
with  it,  the  matrix  B  is  square  and,  by  Assumption  6,  non-singular.   Therefore 


det 


-J   -B 

LB*   oj 

Since  B'B  is  positive  definite,  index  (Tf)  =  +1. 


=   det  [B'B] 


a 


-^ere  are  two  ^es  to  investigate,  that  of  n  =  2  and  that  of  n  =  3.   If 
n  =  2,  it  is  obvious  that  any  economy  with  gross  substitutability  in  demand 
has  index  (h   =  +1  at  every  equilibrium.   Either  production  takes  place  at 
equilibrium  or  it  does  not.   If  it  does,  there  can  only  be  1  =  n  -  1  activity 
in  use,  and  index  (h    is  therefore  +1.   If  it  does  not,  index  (^)  =  +1 
because  -J  is  a  P  matrix,  in  fact,  a  positive  scalar.   A  similar  argumant 
works  for  the  case  n  -  3.   Either  there  are  two  or  one  or  zero  activities 
in  use  at  equilibrium.   If  there  are  two  or  zero,  then  we  can  demonstrate 
that  index  (jr)    =  +1  using  the  same  reasoning  as  above.   On  the  other  hand, 
if  there  is  only  one  activity  in  use  at  equilibrium,  the  argument  is  slightly 
more  involved.   We  can  choose  the  commodity  whose  corresponding  row  is 
deleted  fron  the  3  ^  1  matrix  B(n)  so  that  both  elements  of  B  have  the  same 
sign.   It  follows  that  the  3x3  matrix 

-J    -B 
B'     0 
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+ 

- 

+ 

- 

+ 

+ 

- 

- 

0 

has  one  of  two  sign  patterns 

+  -  - 

-  +  -  or 

+  +  0  _ 

In  either  case,  the  determinant  is  positive  and  index  (tt)  =  +1. 
Our  arguments  have  produced  the  following  theorem. 

Theorem  2.   Suppose  an  economy  (E,,    A)e  E  is  such  that  C  exhibits  gross  sub- 
stitutability.   Then  (? ,  A)  is  a  regular  economy  and  has  a  unique  equili- 
brium if  either  of  the  following  two  additional  conditions  are  satisfied, 

a.  A  =  -I;  that  is,  (5,  A)  is  a  pure  exchange  economy. 

b.  n  _<  3  and  (E,,    A)  satisfies  Assumption  5  and  Assumption  7. 

It  is  easy  to  construct  an  example  that  demonstrates  that,  if  neither 
of  these  two  conditions  holds,  then  (C,  A)  does  not  necessarily  have  a 
unique  equilibrium.   We  can  certainly  do  away  with  the  differentiability 
part  of  Assumption  1,  as  well  as  Assumption  6  and  Assumption  7,  and  achieve 
the  same  result.   These  assumptions  are  necessary  only  because  of  the 
differentiable  approach  that  we  have  chosen  to  take. 
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4.   THE  WEAK  AXIOM  OF  REVEALED  PREFERENCE 
That  C  exhibits  gross  substltutablllty  does  not,  In  general,  imply  that 
(f!,A)  has  a  unique  equilibrium.   If,  however,  ^  satisfies  another  condition, 
the  weak  axiom  of  revealed  preference,  then  (?,A)  does  have  a  unique  equilibrium. 
In  fact,  this  is  the  only  condition  that  can  be  imposed  on  E,   independently  of 
A  that  implies  uniqueness;  in  other  words,  if  C  does  not  satisfy  the  weak 
axiom,  then  a  matrix  A  can  be  constructed  so  that  (C>A)  has  multiple  equilibria. 

Definition.   An  excess  demand  function  E,   that  satisfies  Assumptions  1-3 
is  said  to  satisfy  the  weak  axiom  of  revealed  preference  if,  for  every 
u-"-,  TT^  eR^\z,  ^(7T^)  ^  ?(tt^)  and  tt^'  ^(tj-^)    <  0  imply  7t^'c(tt^)  >  0. 


The  weak  axiom  is  closely  related  to  the  negative  semi-definitives  of  DE  , 
We  have  already  demonstrated  that  the  positive  definiteness  of  -J  implies 
the  uniqueness  of  equilibrium.   We  now  mean  to  explore  this  result  in  more 
detail. 

Lemma  3.  Suppose  that  an  (E,A)eE  is  such  that  E,   satisfies  the  weak  axiom 
of  revealed  preference.   Then,  at  any  equilibrium  tt,  D^--.  is  negative  semi- 

definite  on  the  null  space  of  activities  in  use;  that  is,  tt'  D^^tt  £  0  for 
all  TT  such  that  Tr'B(^)  =  0. 

Proof.   Much  of  our  argument  follows  closely  one  given  by  Kihlstrom,  Mas- 

1      2    1 
Colell,  and  Sonnenschein  [22]  .   Letting  tt  and  tt  =  tt  +  v  be  distinct  points 

in  R,\z.  we  define  TT(t)  =  tt  +  tv.   Since  each  C.  is  continuously  differentiable 

and   I  |Tr(t)  -  tt  |  |  =  t|  |v|  |,  we  can  use  the  definition  of  partial  derivative 

to  establish  that 
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1  1      3^-        1 

0  =  lim   I    5,(7T(t))   -e-CTT-")   -S     "(^    (t)   -  tt')  ^,(TT-')l/t||vlL    i  =  l,...,n. 
tr>0  "-  "-  j=l      ^  ^      '^  j 

Since   tv.    =  TT.(t)    -  fv.  ,    we   can  multiply   this   expression  by    ( |  |y  |  | /t)  (tt.  (t)  -  tt.  ) 

to  obtain 

0  =  lim|   (^.(t)   -Tr.)a.C^(t))-K.(Ti'-))/t     -2._.v.v.  ^(-^   )I,   i   =  l,...,n. 

t-K3^  J-LIJ     on^ 

Summing  over  i,  we  obtain 

9        1  ,      n    n       3^ 

0  =  lim  I  (l/t^)(7T(t)-TT-')'(S(^(t))  -C(^  ))  -^,_,  Z.   v.v.  ^  .1,1 

Let  us  now  suppose  that  tt  is  an  equilibrium  of  (5, A),  that  'n"=Tr  +  veR\z 

/% 
is  any  other  point  in  the  null  space  of  the  columns  of  B(Tr),  and  that 

TT(t)  =  TT  +  tv.   Walras's  law  implies  that 

/^  /v  /\  ^ 

(Tr(t)  -TT)'(?(TT(t))  -C(^))  =  -^(t)'?(^)  -  TT'C(^(t)). 

Since  7T'B(TT)y  =  tt'5(tt)  =  0,  Tr(t)'5(TT)  =  0.   The  weak  axiom  therefore  implies 
that  TT'5(Tr(t))  >  0.   Consequently, 


9?. 
v'dC-,v=  Z  ^  Z  "  V  v.  ^'-  (tt)  <  0. 

1=1  J=l 


13  3^, 


Walrasfe  law,  when  differentiated,  implies  that  tt'dC  =  -C(fT)'.   Using  this 
observation  and  the  homogeneity  assumption,  we  establish  that 

tt'DS'^tt   =   (tt  +  v)'DC"(TT   +  v) 
^tt  ^  ^tt 

=  tt'DC"   tt  +  v'D^"   tt  +  tt'D^'v  +  v'D^'v 

TT  TT  TT  TT 

=   0  +  0  -  ?;(Tr)''  V  +  v'  T)E.r.v 
=   y'B(TT)'  V  +  v'DC:^v 


v'D^"  v  <  0. 

TT    — 


D 
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For  those  with  intuition  for  the  subtleties  of  the  second  order  conditions 
of  constrained  optimization,  the  implications  of  this  lemma  for  index  (tt)  are 
obvious.   For  others,  like  the  writer,  these  implications  must  be  spelled  out. 

Lemma  4.   Let  V  be  any  n  x  (n  -  k)  matrix  whose  columns  span  the  null  space 

of  the  columns  of  the  n  ^  k  matrix  B  =  E(7r).   Then  index  (it)  = 

sgn(detI-V  '  (D^"^   -  E )  VJ )  where  E  is  an  n  x  n  matrix  whose  every  element  is 

unity. 

Proof.  If  (5>  A)  satisfies  Assumption  6,  then  the  n  x  n  matrix  [V  B]  is 
non-singular  at  any  equilibrium  tt.  Consequently,  the  determinant  of  the 
matrix 

DC   -  E      B 
0 


IT 
B' 


has  the  same  sign  as  that  of 


v 

0 

^m; 

-    E 

B 

B' 

0 

L  ^' 

0 

0 

I 

V 
0 


B 
0 


0 
I 


where  I  is  k  ^  k.   Consequently, 


index(lT)  =  (-1)  sgn  Idet 


.n 


=  (-1)  sgn  1 det 


'V(D?-   - 

E)V 

V 

(D?^ 

-   E)B 

0 

B'(D^-    - 

&)V 

B 

(DC; 

-    E)B 

B'B 

0 

B'B 

0 

V'(D^^   - 

E)V 

0 

0 

0 

0 

B'B 

0 

B'B 

0 
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=  sgn  (det[-V'(DC  ■-  E)v]»det  [b'b]) 


IT 


=  Sgn  (det[-V'(DC-  -  E)V]) 


TT 


since  B'B  is  non-singular. 


Combining  Leiranas  3  and  4  yields  the  following  theorem. 

Theorem  3.   Suppose  that  (^,A)  is  a  regular  economy.   If  C  satisfies 

the  weak  axiom  of  revealed  preferences,  then  it  has  a  unique  equilibrium. 


Proof,   If  satisfies  the  weak  axiom,  then  V  D^/^V  is  a  negative  semi-r- 

TT 

definite  matrix.   Adding  the  positive  semi-definite  matrix  -  V'D^^V  to  the 
positive  semi-definite  matrix  V'EV  produces  the  positive  semi-definite 
matrix  -  V'(D?^  -  E)V.   Since  det[-V' (D?^  -  E)v]  >   0,  index  (it)  =  +  1 

TT  TT 

at  every  equilibrium  as  long  as  (?,  A)  is  regular. 


n 


This  is,  of  course,  a  well-known  result,  which  could  be  proven  with  a  far 
simpler  argument.   Assumption  6,  Assumption  7  and  the  differentiability 
part  of  Assumption  1  be  easily  discarded.   Again  they  are  necessary  only 
because  we  have  chosen  to  take  a  dif ferentiable  approach. 

Imposing  the  weak  axiom  of  revealed  preference  on  ^  implies,  in 
general,  that  every  principal  minor  of  -V (DC^-  E)V  is  positive.   To 

TT 

ensure  uniqueness,  however,  all  we  really  need  is  that  the  determinant 
of  this  matrix  is  positive.   We  might,  therefore,  be  tempted  to  look  for 
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weaker  conditions  to  impose  on  f,  that  imply  uniqueness.   Unfortunately, 
the  following  theorem,  which  was  shown  to  the  writer  by  Scarf,  indicates 
that  such  a  search  would  be  fruitless. 


Theorem  4.   Suppose  that  ^  is  an  excess  demand  function  that  satisfies 

Assumptions  1-3  but  that  violates  the  weak  axiom  of  revealed  preference  in 

1   2    n 
the  sense  that  there  exist  distinct  price  vectors  it  ,  tt  e   R,\Z,  one  of 

2    1  12 

which  is  strictly  positive,  such  that  it  '^(Tr  )  >  0  and  tt  '^(tt  )  >  0. 


Then  there  exists  an  activity  analysis  matrix  A  that  satisfies  Assumptions 
4  and  5  and  is  such  that  (C»A)  has  multiple  equilibria. 


1  19        9 

Proof.   Let  a  =  E,(-n  ) ,    a     =  E,(v   ) ,    and  A  =  [-i  a-'-a^]. 


This  matrix 


obviously  satisfies  Assumption  4.   It  also  satisfies  Assumption  5  since 

1     2 
either  it  or  tt  is  strictly  positive  and  both  satisfy  tt'A  >_  0,   Since  both 

in    i 
TT  /^._i  fT.  satisfy  the  equilibrium  conditions,  (C.A)  has  multiple  equilibria. 


n 


1      2 
We  require  that  either  tt  or  tt  is  positive  to  ensure  that  A  satisfies 

Assumption  5.   If  the  only  price  vectors  that  violate  the  weak  axiom  lies 

on  the  same  face  of  the  boundary  of  R  ,  then  it  may  not  be  possible  to 

construct  a  matrix  A  that  satisfies  this  assumption.   Thus  a  necessary 

condition  for  uniqueness  is  a  slightly  weaker  version  of  the  weak  axiom, 

1        2 
Notice,  however,  even  if  E,   satisfies  the  weak  axiom,  if  C(fT  )  =  ^  (tt  )  at 

1      2 
distinct  price  vectors  tt  and  tt  ,  one  of  which  strictly  positive,  then  an 

economy  (E,,   A)  with  non-unique  equilibria  can  be  constructed.   In  this  case. 
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however,  the  economy  must  be  critical  since  it  is  easy  to  show  that  the 
set  of  equilibria  is  convex,  which  implies  that  there  is  a  continuum  of 
equilibria.   Thus  a  sufficient  condition  for  uniqueness  is  a  slightly 
stronger  version  of  the  weak  axiom.   These  qualifications  are,  however, 
mere  technicalities.   Both  of  these  conditions  are  equivalent  to  the 
weak  axiom  in  almost  all  cases;  if  ^  violates  the  weak  axiom,  then  it 
almost  always  does  so  for  strictly  positive  price  vectors,  and,  if  C 
satisfies  the  weak  axiom,  then  (5, A)  is  almost  always  a  regular  economy. 
In  general,  therefore,  the  weak  axiom  is  both  necessary  and  sufficient  for 
uniqueness  of  equilibria  when  the  activity  analysis  technology  is  arbitrary. 

It  is  difficult,  however,  to  give  much  of  an  economic  interpretation 
to  the  condition  that  the  aggregate  excess  demand  function  ^  satisfies  the 
weak  axiom.   Although  any  individual  excess  demand  function,  consistent 
with  maximization  of  a  strictly  quasi-concave  utility  function  over  a  non- 
empty budget  set,  satisfies  the  weak  axiom,  this  property  is  not  preserved 

1      2 
by  aggregation.   In  other  words,  even  if  ^   and  C   satisfy  the  weak  axiom, 

1    2 
their  sum  5  +5  may  not.   It  has  been  shown  by  Arrow,  Block,  and 

Hurwicz  II]  that  gross  substitutability  in  E,   implies  that  the  weak  axiom 

holds  at  least  in  comparisons  between  the  equilibrium  of  a  pure  exchange 

economy  and  any  non-equilibritim  price  vector.   Now  gross  substitutability, 

a  fairly  restrictive  property,  is  preserved  by  aggregation.  When  production 

takes  place  at  equilibrium,  however,  this  relationship  between  gross 

substitutability  and  the  weak  axiom  breaks  down.   It  is  nonetheless  true 

that  gross  substitutability  implies  that  the  weak  axiom  holds  if  n  is  less 

than  four.   This  curious  result  is  an  immediate  conseqxience  of  Theorems  2 
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and  4  and  the  observation  that,  if  an  excess  demand  function  satisfying 
gross  substitutability  violates  the  weak  axiom,  it  must  do  so  for  strictly 
positive  price  vectors  since  Z  is  necessarily  the  entire  boundary  of 
R  .   It  should,  of  course,  be  possible  to  demonstrate  this  result  by 
simpler  means. 
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5.   A  SINGLE  CONSUMER  ECONOMY 
One  obvious  conclusion  of  the  results  of  the  previous  section  is  that, 
if  the  excess  demand  function  E,      is  such  that  it  could  be  derived  by 
the  maximization  of  utility  by  a  single  consumer,  then  there  is  a  unique 
equilibrium.   There  is  an  interesting  interpretation  of  this  observation 
which  relates  the  formula  for  index  (  tt  ) , 


(-1)  sgn 


det 


0 


b'(u)  0 


to  the  bordered  Hessian  of  an  optimization  problem  whose  solution  is 
an  equilibrium  of  a  single  consumer  economy.   We  specify  the  consumption 
side  of  such  an  economy  using  the  concepts   of  utility  function  and 
initial  endowment  rather  than  that  of  excess  demand.   We  retain  the 
activity  analysis  characterization  of  the  production  side.   The  model 
presented  here  is  intended  for  illustrative  purposes  and  is  not  the  most 

general  possible. 

n        9 
We  assume  that  the  utility  function  u:  R  -^  R  is  C^  ,   strictly 

quasi-concave,  and  monotonically  increasing  and  that  the  vector  of 

initial  endowments  w  e  R  is  strictly  positive.   At  any  vector  of  prices 

n   , 
IT  e  R^  the  consumer  is  faced  with  the  problem  of  choosing  the  consumption 

bundle  that  maximizes  utility  function  subject  to  the  budget  constraint: 

max  u(x) 

s.t.   ir'x  <  tt'w 


X  >  0 
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Given  our  assumptions,  the  solution  to  this  problem  x(Tr,  tt'w)  varies 
continuously  with  it  and  tt'w  over  the  interior  of  r"^  x  R   .  Furthermore 
the  excess  demand  function  ^(tt)  E  x(tt,  tt'w)  -  w  is  continuous  and 
satisfies  Assumptions  2  and  3,  ^  is  also  bounded  from  below  by  -w  and 
satisfies  the  condition  that  ||  ?(Tr^)||-^  °°  as  tt^  ^  tt  e  8r"\{0}  ;   have, 
of  course,   3R  is  the  boundary  of  R   . 

Unfortunately,  our  assumptions  are  not  quite  sufficient  to  imply 
that  5  is  everywhere  differentiable.   We  first  need  to  strengthen  slightly 
our  strict  quasi-concavity  assumption  on  u  by  putting  it  into  differ- 
entiable form:   For  any  tt  e  int  R   ,  the  interior  of  R   ,  we  assume  that 

the  quadratic  form  x'[d  u  ,    ,  .Ix  <  0  for  all  x  e  R  satisfying  tt'x  =  tt'w. 

xCtt,  tt'w)  ^      ^ 

This  implies  that  there  is  no  price  vector  tt  in  the  interior  of  R  such 

that  the  solution  to  the  consumer's  maximization  problem  is  degenerate  in 

the  sense  that  the  bordered  Hessian 


2 

xCtt.tt  w) 

tt'       0 

is  singular  (Debreu  [s]  ).   If  this  condition  holds,  then  C   is  C^  on  any 
open  set  U<^int  R^  such  that  all  points   x(tt,  tt'w),  tt  e   U  ,  have  the 
same  coordinates  equal  to  zero.   There  is  still  a  technical  difficulty 
that  differentiability  may  fail  as  the  demand  function  x(tt,  tt'w)   passes 
through  a  corner  colution.   The  excess  demand  function  might  then  be 
kinked.   It  is  however,  easy  to  demonstrate  that  it  is  a  generic  property 
of  the  single  consumer  model  that  C  is  differentiable  at  every  equi- 
librium.  (Mas-Colell  [27,  pp.  87-90]  ) .   We  therefore  ignore  any  such 

non-differentiability  and  assume  that   u   and  w  are  such  that  C  satisfies 
Assumption  1. 


i 
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The  indirect  utility  function  is  defined  as  v(Tr,I)  E  uCxCtt,!)) 
where  I  =  tt'w.   The  assumptions  made  on  u  and  w  imply  that  v   is 
C   in  the  interior  of  R  x  R   ,   strictly  quasi-convex  in  rr  ,  mono- 
tonically  decreasing  in  tt  ,  and  monotonically  increasing  in   I   (see 


Diewert  fs   ,  pp.  120-1241  ,  Var 


lan 


35 


),   This  function  v  is  related 


to  the  excess  demand  function  E,   by  Roy's  identity, 

C^Ctt)  +  w^  =  -Tdv/d-nl    (it, tt'w)   /[Sv/sfj  (tt.tt'w)  .   Using  the  indirect 
utility  function,  we  can  relate  the  formula  for  the  index  to  the  bordered 
Hessian  of  an  optimization  problem, 

Theorem  5.   The  unique  equilibrium  of  a  single  consumer  economy  (u,w,A) 
is  equivalent  to  the  solution  to  the  problem 

min   V  (tt  ,  ti  ' w) 
s.t.   n'A  £  0 
Ti'e  =  1  . 

Proof.   If  TT   is  a  solution  to  the  optimization  problem,  then,  by  the 
Kuhn-Tucker  theorem. 


^-(tt,  ^  w)  +  w.  — (tt,  tt'w)  +  Ij^^a.^vij  +  X  =  0  ,   i  =  1, 
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for  some  P^  ^  0  >  J  =  1>  •••»  ^  »  ^^id  X  .  Dividing  each  equation 
through  by  [av/SIjCTi,  ti'w)  >  0  ,  we  use  Roy's  identity  to  establish 
that 

-e^C^)  +  (Ij=2^a_y^ +A)/-^(^,  ^'w)  =0,   i=l,  ...,n. 

If  we  define     y.      as     p  ./ pv/Bl"]  (tt,    ti'w)   2L  *-*   »      2   ~  ^j    -  •  •  *   ^  *      we  can 
use  Walras's  law  and      rr'Au  =   0      to   establish  that 

C(^)   =  Ay   . 

Therefore,  since  tt'A  <^  Q  and  rr'e  =  1  ,   tt   is  an  equilibrium.   Con- 
versely, if   TT  is  an  equilibrium,  then  it  satisfies  the  conditions  suf- 
ficient for  a  minimum  to  the  optimization  problem. 

The  strict  quasi-convexity  of  v  implies  that,  if  a  solution  to  the 
minimization  problem  exists,  it  is  unique.   We  already  know  that  an  equi- 
librium exists.   Therefore,  the  single  consumer  economy   Cu,w,A)   has  a 
unique  equilibrium.  | 

It  is  the  strict  quasi-convexity  of  v   that  implies  the  uniqueness 
of  equilibrium  for   (u,w,A)  .   The  dif f erentiable  ver.^ion  of  the  quasi- 
convexity  at  a  solution  tt   is  the  second  order  conditions  on  the  bordered 
Hessian 

H   C 
C   0 

Here   H   is  the  matrix  of  second  partial  derivatives  of   v(Tr,  ir'w)   and 
C  is  the  matrix  of  coefficients  of  those  constraints  that  hold  with 
equality  at   if  .   Once  again,  C  =   [e      B(Tr)]  .   If   B(ti)   is   nxk  , 
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then  second  order  conditions  require  that 

H   C 


(-1)    det 


C   0 


>  0. 


The  first  derivative  of  ^  ^ith  respect  to  tt.  is 

J 


/s     ^\ 


y\    /s 


[8v/8Tr.](TT,  tt'w)  +  w.[3v/8I](ti,  tt'w)  =  -?  .  (tt)  [8v/3l]  (tt,  tt'w).   Therefore 
the  typical  entry  in  H  can  be  expressed  as 


iJ 


.   95. 

dv    X    ^  /^\ 

31  977"  ^i^^> 


2         2 

9  V   ,  9  V 
+  W.  t: 

J  91^ 


9I9tt. 
3 


y\     ^-. 


Here  all  partial  derivatives  are  evaluated  at  (tt,  tt'w)  and  tt.   Now  the 
quasi-convexity  of  v  implies  that 


(-1)   det 


\v 


nl 
1  . 

^11- 


In 


nn 


1 

b 


nl 


^k-  •  •  \k 


1   b^^. 


nl 
0    0  . 
0    0  . 


0    0 


Ik 


.  b 


nk 

0 

0 


>  0 


We  can  multiply  each  of  the  final  k  columns  of  this  matrix  by  y([9  v/9i9tt.]  + 


9      o  y\\ 

w.{9  v/9l  ])  and  add  it  to  the  j    column,  j  =  1, 


.  ,  n,  without  changing 


the  sign  of  its  determinant.   The  equilibrium  condition  ^(Tr)  =  Z   y  b 

b£B(TT) 

implies  that 
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(-l)'^-^ldet 


dv   i 

91  9iT, 


.    9f; 

dv  n 

91  9Tr, 


11 


Ik 


9v  _1 

91   &Tr 
n 


nl 


nk 


'11 


0        0 


Ik 


9v^^n 

91  9Tr 
n 

1 

\v 

.   b 
n 

1 

0 

0      . 

.      0 

b   , 

0 

0      . 

.      0 

>   0 


Factoring  out  dv/dl  >  0,  we  are  left  with 


/  -.xk+l,  9v  .n-k-1 , 
(-1)    (  9Y  )     det 


-D^^  e  B(Tr) 

IT 

e'  0  0 

B'(tt)  0  0 


>  0. 


This  condition  can  be  rewritten  as 


(-l)"det 


0 
e 

0 


e' 
B'(TT) 


0 
B(TT) 

0 


Thus,  when  the  economy  (C,A)  is  regular,  the  second  order  conditions  for 
our  optimization  problem  imply  that  index  (tt)  =  +1  at  every  equilibrium. 
In  this  case  the  index  theorem  gives  us  a  restatement  of  what  we  already 
know:   A  single  constaner  economy  has  a  unique  equilibrium. 
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The  restriction  that  C  behaves  like  the  excess  demand  of  a  single 
consumer  is  obviously  stringent.   There  are  two  different  sets  of  conditions 
that  imply  that  this  restriction  holds.   Both  require  that  all  demands 
are  homogeneous  of  degree  one  in  tt'w;  that  is,  x  (TT,t7T'w)  S  tx  (tt,  tt'w) 
for  all  t  >  0  and  all  consumers  j.   If,  in  addition,  either  all  utility 
functions  are  identical  (Gorman  [15])  or  all  initial  endowments  are 
proportional   (Chipman  [3]),  then  the  aggregate  excess  demand  function 
behaves  like  that  of  a  single  consumer. 

We  should  note,  however,  that  the  single  consumer  assumption  is  not 
necessary  to  ensure  that  the  weak  axiom  of  revealed  preference  is  satisfied. 
Utility  maximization  by  a  single  consumer  is  equivalent  to  a  stronger 
restriction  on  C,  the  strong  axiom  of  revealed  preference.   An  example 
due  to  Gale  [llj  demonstrates  that  the  strong  axiom  and  the  weak  axiom 
are  not  equivalent.   Unfortunately,  there  does  not  appear  to  be  an  obvious 
economic  Interpretation  for  excess  demand  functions  that  satisfy  the  weak 
axiom  but  not  the  strong  axiom.   Our  goal  is  to  find  conditions  for  uniqueness 
that  can  be  checked  for  by  examining  the  parameters  of  (C,  A).   Searching 
for  such  conditions  on  the  demand  side  of  the  economy  alone  has  produced 
only  the  extremely  restrictive  single  consumer  assumption. 
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6.   THE  NON-SUBSTITUTION  THEOREM 

We  now  turn  our  search  for  conditions  that  ensure  uniqueness  of 
equilibrium  to  the  production  side  of  (C,A).   If  a  search  on  the  demand 
side  alone  produces  little,  a  search  on  the  production  side  alone  does 
discouragingly  worse.   Indeed,  with  the  exception  of  the  restriction 
that  there  is  only  one  positive  price  vector  ir  for  which  Tr'A<0, 
no  condition  on  A  implies  that  (C,A)  has  a  unique  equilibrium  if  the 
only  restrictions  placed  on  C  are  Assumptions  1-3.   ^°^   example,  E,(tt)  =0 
produces  an  infinite  number  of  equilibria  as  long  as  there  is  more  than 
one  TT  for  which  it'A<0.   Although  the  economy  in  this  instance  is  critical, 
the  following  theorem  demonstrates  that  non-uniqueness  is  by  no  means 
pathological  in  these  circumstances. 

Theorem  6  ,  Suppose  that  the  activity  analysis  matrix  A  satisfies 
Assumptions  4-6.   Then  there  exists  an  open  set  of  excess  demand  functions 

E,   such  that  the  economies  (^,A)  have  multiple  equilibria 

Proof.   Combining  Assumptions  4-6  yields  the  conclusion  that  there  exists 

■]t£S  =   {tter    I   e'TT=l,   ■n>p}   strictly  positive  and   such  the  tt' A<  0.      If  n  is 

even,  we  define  the  function  E,    :    int  R ,  -^  R  by  the  rules 

n  -2 

^i  ^^^  =  \-     :|fV^       .   i  =  l,....,n, 
i  1 
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0  -  _ 

Notice  the  E,    CW)=  0  and  -J  =  -I  when  evaluated  at  tt.  Consequently, 

indexOf)  =  sgn(det[-I])  =  (-l)'^'"  =  -1  • 

0         _  ?      — 
If  n  is  odd,  we  can  easily  change  ?2^^^  ^°    (■"■■,'"^2  ^  ''^^2^1^~''''2  ^"^  acheive 

the  same  result. 

In  either  case,  C  is  C  and  satisfies  Assumptions  2  and  3.   It  does  not 
satisfy  Assumption  1,  however,  because  it  is  not  bounded  from  below  on  int 
R  .   This  problem  is  easily  remedied  by  combining  5  with  any  excess  demand 
function  E,      that  satisfies  Assumptions  1-3.   We  choose  two  open  neighborhoods 
of  TT,  U  and  V,  such  that  the  closure  of  U,  cl(U),  contained  in  V  and  cl(V)c 
int  R   .   We  also  choose  G:  S  ->•  R  as  a  C  function  that  satisfies 


e(7r)  =0      if  TT  e  s\v 

e(TT)  =  1      if  TT  e  cl(U)  n  S 

o<e(TT)<i    if  TT  e  (v\ci(u))  n  s. 

Finally,  we  define  C:R^\{o}  ->  r"  by  the  rule 

aTT)  =  e(^)  c°  (TT)  +  (i-e(^))   c\tt). 

Now  E,   satisfies  Assumptions  1-3  and  is  such  that  (5, A)  has  tF  as  an 
equilibrium  with  index(Tr)  =  -1.   (5,  A}  must  therefore  have  multiple  equilibria. 
Although  (£;,A)  itself  may  not  be  a  regular  economy  because  of  problems 
at  other  equilibria,  the  density  of  regular  economies  implies  that  we 
can  perturb  E,   slightly  to  produce  a  regular  economy  with  multiple  equilibria. 
The  openness  of  regular  economies  now  implies  our  contention. 
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This  result  indicates  that  to  find  conditions  that  guarantee  the 
uniqueness  of  equilibrium,  we  must  somehow  combine  conditions  from  the 
consumption  side  with  ones  from  the  production  side.   Lemma  2  implies 
that,  if  (C.A)  satisfies  Assumption  6  and  has  n-1  activities  at  use  at  every 
equilibrium,  then  it  is  a  regular  economy  with  a  unique  equilibrium.   To 
gain  some  insight  into  this  observation,  recall  that  the  conditions  of  the 
well-known  non-substitution  theorem  of  input  output  analysis  imply  that 
there  are  always  n-1  activities  in  use  at  equilibrium  (see  Samuelson  [31]). 

Definition.   An  input-output  economy  is  an  economy  (5, A)  that  satisfies 
the  following  conditions: 

a.  There  is  one  non-produced  good;  3„-!  f  0   for  j=l,.,.,  m. 

b.  C.(ff)  >  0,  i=l,...,n-l,  at  every  equilibrium  tt. 

c.  There  is  no  joint  production;   a..  >  0  for  at  most  one  i,  j=l,...m. 

d.  There  exists  some  vector  of  non-negative  activity  levels  y 
such  that  Z.  .,a..y4>  0,  i=l , . . .  , n-1 . 

One  way  to  ensure  that  condition  holds  is  to  allow  initial  endowments  only  of 
the  non-produced  good,  traditionally  labor.   Since  it  must  be  the  case  that 
all  n-1  non-produced  goods  are  produced  at  equilibrium,  and  since  we  rule 
out  joint  production,  n-1  activities  must  be   run  ^t-   oositive  levels  at  every 
equilibrium  tt.   This  implies  that  (C,A)  satisfies  Assumption  7  if  it 
satisfies  Assumption  6  because  n-1  is  the  maximum  number  of  activities  that 
can  earn  zero  profit  at  tt.  We  have  therefore  derived  the  following  theorem 
with  little  effort. 
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Theorem  7 .    Suppose  (?,A)  is  an  input-output  economy  that  satisfies 
Assumption  6.   Then  (C,A)  is  regular  and  has  a  unique  equilibrium. 

The  non-substitution  theorem  implies  that  the  unique  equilibrium 
of  (5 J A)  is  determined  independently  of  ?,  a  conclusion  that  our  theorem 
misses.   To  offset  this  shortcoming,  we  should  note  that  Lemma  2  is 
a  very  general  mathematical  result.   All  we  need  to  know  is  that  the 
maximum  possible  number  of  activities  are  at  use  at  every  equilibrium 
to  guarantee  uniqueness.   Unfortunately,  the  conditions  of  an  input- 
output  economy  seem  to  be  the  only  conditions  on  the  parameters  of  (CjA) 
that  ensure  this  premise  holds. 
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7.   AN  INPUT-OUTPUT  MODEL  WITH  TWO  FACTORS 
Our  search  for  conditions  that  guarantee  uniqueness  of  equilibrium 
has  so  far  produced  discourangingly  little.   Let  us  now  experiment  with 
a  different  approach.   If  we  cannot  find  general  conditions  to  impose  on 
the  parameters  of  (^,  A),  perhaps  we  can  develop  a  method  that  finds  all 
of  the  equilibria  of  (C,  A).   We  then  would  know  whether  (?,  A)  has  a  unique 
equilibrium.   Scarf  [32]  first  developed  an  algorithm  that  computes  an 
equilibrium  of  (C,  A).   Unfortunately,  the  equilibria  that  it  computes 
always  have  positive  index  (see  Eaves  and  Scarf  [9]).   No  method  is  now 
known  that  finds  all  the  equilibria  of  an  economy  that  does  not  involve 
an  exhaustive  search. 

For  an  economy  with  two  commodities  such  a  search  is  often  possible, 
and  indeed  can  be  performed  graphically.   We  can  use  this  observation  to 
explore  the  question  of  uniqueness  of  equilibrixjm  in  a  class  of  economies 
that  generalize  the  input-output  concept  used  in  the  previous  section. 

Definition.   An  input-output  economy  with  two  factors  is  an  economy  (E,,   A) 
that  satisfies  the  following  conditions: 

a.  There  are  two  non-produced  goods;  a. .  <  0  for  i  =  n-1  and 
n,j=l,  .  .  .,  m. 

b.  ^,(tt)  >0,  i  =  l,  .  .  .,n-2^  for  every  equilibrium  tt. 

c.  There  is  no  joint  production;  a..  >  0  for  at  most  one  i,  j  =  1,  . . .m. 

d.  There  exists  some  non-negative  vector  of  activity  levels  y  such 
m 


that  E.,a..y.  >0,  i=l,  ...  n-2. 
j=l   ij  •'i 
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To  simplify  matters  we  assiome  that  (5,  A)  is  a  regular  economy  for  the 

rest  of  this  section. 

We  denote  the  prices  of  the  first  n-2  goods  by  the  vector  p  and 

the  prices  of  the  two  non-produced  goods  by  the  vector  q.   Thus,  any  nxl 

vector  of  prices  it  can  be  expressed  as  (p,q).   In  addition,  we  partition 

A. 


the  production  matrix  A  into 


1 

4-i 


where  A  is  (n-2)x  ra  and  A  is  2  ^  m 


where  C  (tt)  is  (n-2)  x  i 


and  the  excess  demand  vector  CC'Jt)  into 

and  ?^(tt)  is  2x1, 

We  begin  with  the  case  where  A  consists  of  only  2n-2  activities, 

the  n  disposal  activities  and  an  nx(n-2)  matrix  B  with  one  activity  to 

produce  each  of  the  first  n-2  goods.   We  partition  B  into        where 

B. 

B   is  (n-2)  ^  (n-2)  and  B   is  2  =<  (n-2).   Our  assumptions  on  (^,  A)  imply 
that  B   is  a  productive  Leontief  matrix.   The  non-degeneracy  Assumption 
6    ensures  that  B   is  also  indecomposable.   Consequently,  B   has  all 
elements  strictly  positive  (see  Debreu  and  Herstein  [6]). 

Let  us  observe  that  at  any  equilibrium  tt  =  (p,q)  the  condition 
By  =  t,    (p,q)  implies  that  y  =  B^  (p,q)  >  0.   Let  us  further  observe 


-^.: 


that  the  zero  profit  condition  p'B  +  q'B   =  0  implies  that  p  =  -(B„B   )'q. 
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Since  all  the  coordinates  of   (p,q)   cannot  be  equal  to  zero,  both  the 
coordinates  of   q  cannot  be  equal  to  zero.   Moreover,  as  a  consequence  of 

.    ,  ^   (n-2)x2  matrix  -(bX^)'   must  have  all  elements  strictly 
Assumption  6  the  ^        ^  2  1 

positive.   Therefore  p  is  strictly  positive.   We  can  use  these  obser- 
vations to  construct  a  pure  exchange  model  in  the  space  of  the  two  factors 
whose  equilibria  are  equivalent  to  those  of   C£;,A)  . 
We  define  the  2x1  excess  demand  function 

z(q)  =  5\-(B2B^^)'q,  q)  "  ^2^1'^^ ^-^^l^t^  ' "^^    "^^    ' 

Note  that  z   is  C^  over   int  R^  since  C   is  C   over  int  R^  . 
Therefore  z  satisfies  a  two  dimensional  version  of  Assumption  1.   It  a  so 

satisfies  Assumptions  2  and  3  since  E,   does.   We  observe  the  q  is  obviously 
an  equilibrium  of  the  two  dimensional  economy  (z,  -1)  if  (p,q)  is  an 
equilibrium  of  the  n  dimensional  economy  (^5  A).   (Of  course,  we  have  to 
allow  for  the  possibility  of  disposal  of  one  of  the  factors  taking  place  at 
equilibrium  and  also  normalize  in  both  cases  so  that  prices  sum  to  unity.) 
It  is  also  easy  to  demonstrate  the  converse:   (p,q)  =  (-(B  B   )  q,  q)  is 
an  equilibrium  of  (S,  A)  if  q  is  an  equilibrium  of  (z,  -I). 

Since  the  equilibria  of  (^,  A)  and  (z,  -I)  are,  in  some  sense, 
equivalent,  we  should  expect  that  the  index  of  an  equilibrium  q  of  (z,  -I) 
is  the  same  as  that  of  the  corresponding  equilibrium  (p,q)  of  (?,  A). 
Let  us  first  consider  the  case  where  both  coordinates  of  q  are  strictly 
positive.   The  index  of  the  equilibrium  (p,q)  of  the  n  dimensional 
economy  (5,  A)  can  be  expressed  as 


1 
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index  (p,q)  =  (-1)  sgn 


det 


e 

»4 

< 

e 

»4 

-4 

0 

H 

»2 

where  each  of  the  vectors  e  is  of  the  appropriate  dimension.   If  we 


subtract  the  second  row  of  this  matrix,  pre-multiplied  by  B  B 


-1 


from 

the  third,  we  do  not  change  its  determinant.   Thus,   index  (p,q)   has 
the  same  sign  as 


C-l)°det 


0 


e 

< 

e-B^B-^e 

< 

-  hh''>4 

0 

H 

DCa  - 


0 

h 

0 

0 


which,  equals 


(-D^det 


0 

e' 

e' 

0 

Q 

0 

0 

\ 

e 

-B^B-le 

.4. 

-   B^B-^DC^ 

0,?- 

■   B^B-^D^ 

0 

Q 

K 

«2 

0 

Repeating  this  same  procedure,  subtracting  the  second  column  of  this 


l^' 


matrix  post-multiplied  by   (B2B,  )'   from  the  third,  we  are  left  wi 


th 


C-1)  detI-B|B^]det 


e  -  B„B,  e 


e'-e'CB^B^^^)' 

+  B^B^^hB^B'^)  ' 


I 


which  has  the  same  sign  as 
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(-l)^det 


0 


e'  -e'(B2B3^^)' 


e  -  B„B:^e  Ugl  -  B,B^  -""DC^  -  D^f  (B„B,  h  '  +  B„B.  ^Dr^(B„B,  ^ ) ' 

^i  qzlq  p21  zlpzl 


Observe,  however,  that 


%  =  Od  -  B^B-VJ  -  odCB^B'^)'  +  B^B-VhB^B-l)  • 


Consequently, 


index  (Pjq)  =  sgn 


det 


0 
e  -  B^B-^e 


e-e'(B2B]^^)' 


Dz- 


When  we  rescale  q  and  Dz-   so  that  q'e  =  1  ,   this  becomes  the  formula 

q 

for   index  (q)   of  the  two  dimensional  economy   (z,  -I)  .   (Recall  that 
in  the  n  dimensional  case  q'(e-B«B,  e)  =  q'e  +  p'e  =  1  while  in  the 
two  dimensional  case   q'e  =  1  .) 

If  neither  q^   nor  q„   is  equal  to  zero,  then  the  index  of  equi- 
librium q  can  be  calculated  as   sgn(-[3z  /3q^ j (q))  .   Alternatively, 
we  can  use  the  homogeneity  assumption  to  establish  that  index 
(q)  =  sgn(-[9z^/3q^](q)  +  [dz^/dq^]  iq))    .   Walras's  law   implies 

that,  if  z^(q)  =  0  ,   then  Z2(q)  =  0  .   Therefore  equilibria  of   (z,  -I)  , 

with  the  possible  exceptions  of   (1,0)   and   (0,1)  ,   are  equivalent 

to  zeros  of  the  excess  demand  function   z,(q,,  1  -  q, )  .   The  index  of  an 

equilibrium  q  is  equal  to  +1   if   ^^(qT,  1  -  qi )   crosses  the  axis 

from  above  at   q  and  equal  to   -1   if  it  crosses  from  below.   If  either 

Cl,0)   or   (0,1)   is  an  equilibrium,  then  the  index  is  equal  to   +1 

by  -Lemma  2 . 
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z^Cqj^,  i-Qj^) 


When  the  matrix  A  contains  more  than  2n  -  2  columns,  the  situation 
is  not  so  simple.   The  natural  definition  for   zCql   is  that  of  an  upper- 
semi-continuous,  set-valued  correspondence  rather  than  that  of  a  dif- 
ferentiable  function.   We  construct  the  excess  demand  correspondence 
z(q)   so  that  it  satisfies  Assumptions  2  and  3.   If  we  extend  the 
definition  of  an  economy  so  that  excess  demand  can  have  multiple  values   at 
certain  prices,  the  equilibria  of  (z,  -l)  are  again  equivalent  to  those  of 
(C,A). 

For  a  fixed  vector  of  factor  prices  q  we  begin  by  solving  the 
linear  programming  problem 

min   -q'A„y 

s.t.         ^1  y  ^  ^ 

y  >^  0  . 


We  have  already  assumed  that  the  constraints  of  the  problem  are  feasible. 
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Assumption  5  assures  us  that  this  problem  has  a  finite  solution,   The 


solution  is  associated  with  a  feasible  basis 


-q'B, 


B, 


and  a  vector 


of  commodity  prices  p  such  that  p'B^  +  q'B„  =  0  and  p'A,  +  q'A„  <^  0 

r-q'Bol 

(see  Gale  [12,  pp.  301-306]),     when  the  basis      _       is  uniquely 

_   1  J 
defined,  we  set 


zCq)  =  E,'^i-C&2\h'q,    q)  -  B^-a'^^K^ i-CB^\^)  \,    q) 


and  proceed  as  before. 

A  problem  arises,  however,  when  the  feasible  basis  associated  with 
the  solution  to  the  linear  programming  problem  is  not  uniquely  defined. 
There  can  be  n-1  activities  earning  zero  profit  at  prices 
(-(B2B  -|)'q>  q)«   This  is  the  case  when  there  are  two  distinct  bases, 


■-q'C, 


and 


r-q'B2 


B, 


,   possible  in  the  solution.   Our  non-degeneracy 

Assumption  6   implies  that  there  can  be  at  most  two  distinct  bases  and 

they  differ  by  only  one  activity.   At  any  factor  prices  q    where  the. 

linear  programming  problem  is  degenerate  in  this  way  the  final  demand 
for  the  factors  can  be  either 


or 


z^(q)  =  rC-(B2B^^)'q,  q)  -  B2B^^C'^C-(B2B^^) 'q,  q  ) 


z^(q)  =  £^(-(C2C^^)'q,  q)  -  C2C^^?^(-CC2C3^^)  '  q,  q) 


,-1 


-In.. 


(Of  course,   p  =  -(C2C,  )'q  =  -(B2B,  )'q  •)   In  fact,  for  our  purposes, 

R  C 

z(q)   can  be  any  convex  combination  of  the  two,   tz  (q)  -f  (l"t)z  (q)  , 
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0  _<  t  £  1  . 

Assumption  6  implies  that  there  are  only  a  finite  number  of  prices 
q  e  S  where  z(q)  has  multiple  values.   Consequently  the  homogeneity 

assumption  implies  that  z(q)  is  a  dif ferentiable  function  for  almost  all 

2 
prices  q  e  R   .   It  is  worth  pointing  out,  however,  that  for  z(q)  to  be 

multi-valued  at  an  equilibrium  q  is  in  no  way  a  degenerate  situation. 

Although  in  the  case,  the  linear  programming  problem  is  degenerate,  the 

economy  itself  nee  not  be.   It  is  quite  possible  for  (C,A)  to  be  a  regular 

economy  and  to  have  n-1  activities  in  use  at  equilibrium  (p,q).   If  so,  no 

small  perturbation  in  (?,A)  can  result  in  fewer  than  n-1  activities  being 

used  at  the  perturbed  equilibrium. 


Let  us  investigate  the  situation  where   q   is  an  equilibrium  of 


Cz,  -I)   and  there  are  two  distinct  b 


ases 


'-q'B, 


and 


-q'C, 


possible  in  the  solution  to  our  linear  programming  problem.   There  -is 

2 
some  neighborhood  of  q  ,   U  C  R  ,   such  that  the  programming  problem 


always  results  in  either  the  basis 


B, 


"-q'B, 
B, 


or 


■-q'C 


2 


Let 


be  the  activities  associated  with  all  those  q  e  U  fl  S   such 

C, 


that   q^  <  q^^  ,   and  let 


be  the  activities  associated  with  those 


q  £  U  r\  S  such  that   qi  >  q-i  •   We  can  choose  some  v  e  R   with 
V,  =  -V2  >  0   so  that  both   q+v   and   q-v   are  elements  of   U  Tl  S 


That 


[c^> 


is  not  associated  with  the  basis  at  q  -  v  implies  that 


,-1 


-(q-v)'B2B^-'C^  +  (q-v)'C2  ±   0 


with  one  inequality  holding  strictly.   Since  C    has  all  elements 
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strictly  positive. 


-Cq-v)'B2B^^  +  (q-v)'C2C^^  <  0  . 
Note-,  however,  that  q'B2B~   =  ^'^2^^!^  =  P-   Consequently, 


v'B2B~-'-  <  v'C^C^^ 


Hence 


v'B^B-^^C^Cp.q)  <  v'C2C~^5^(p,q) 


because  we  have  assumed  that      E,    (p,q)      is   strictly  positive.      Therefore, 


v'C^(p,q)    -  v'B2B^^C^(p,q)    >   v'5^(p,q)    -  v'C2C^V(^,^) 

v'z    (q)    >  v'z    (q)    . 

Thus  v^  >  0  implies  that   z^ (q)  >  z, (q)  ,  and  v^  <  0  implies  that 

B  «      C    " 
z-Cq)-  "^  z„(q)  .   It  follows  that  whenever  the  excess  demand  correspondence 

is  multi-valued  at  an  equilibrium  q  the  correspondence  z,  (q,  1-q,) 

crosses  the  axis  from  above  at   q  as  in  Figure  3. 
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z^(q^,  i-q^^) 


FIGURE  3 


If  z(q)  is  not  a  differentiable  function,  we  can  no  longer  employ 
the  index  theorem.   Nonetheless,  if  we  assign  (q)  =  +1  to  an  equilibrium 
q  whenever  z(q)  is  multi-valued  and  otherwise  define  index  as  before,  we 
can  use  the  intermediate  value  theorem  of  calculus  and  a  simple  counting 
argument  to  demonstrate  that  E  index  (q)  =  +1  when  summed  over  all 
equilibria.   It  should  come  as  no  surprise  that  we  set  index  (q)  equal 
to  +1  if  z(q)  is  multi-valued.   In  this  case  q  corresponds  to  an  equili- 
brium  (p,q)  of  the  economy  (^,  A)  where  there  are  n-1  activities  in  use. 
Hence  index  (p,q)  =  +1. 

The  above  arguments  illustrate  how  an  input-output  model  with  two 
factors  can  be  transformed  into  a  two  dimensional  pure  exchange  model.   An 
essential  feature  of  this  transformation  is  that  the  concept  of  index  of 
equilibrium  carries  over.   It  also  simplifies  the  problem  of  computing 
equilibria.   This  problem  is  reduced  to  a  line  search  over  the  one  dimensional 
price  simplex  {(q^,  Qo^l*^!  "^  ^o  ^  1'  <1  ■  i  "^^  '  which  is  easy  to  perfoi 


)rm  on  a 
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computer.   The  advantage  of  this  formulation  is  that  it  enables  us  to 
find  all  of  the  equilibria  of  an  economy.   By  performing  a  line  search 
of  the  one  dimensional  simplex,  we  can  find  all  of  the  zeros  of  z(q) . 
In  higher  dimensions  such  an  exhaustive  search  is  seldom  feasible. 
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8.   CONCLUDING  REMARKS 

The  conclusions  of  this  paper  are  necessarily  pessimistic.   Although 
the  index  theorem  provides  us  with  necessary  and  sufficient  mathematical 
conditions  for  uniqueness,  we  have  been  unable  to  use  it  to  derive  new 
conditions  on  the  parameters  of  an  economy  that  guarantee  uniqueness  and 
have  meaningful  economic  interpretations.   In  fact,  the  new  results  that 
we  have  been  able  to  derive  are  negative  ones.   Although  it  may  yet  be 
possible  to  combine   conditions  on  both  the  consumption  and  production 
sides  of  an  economy  to  guarantee  uniqueness,  it  does  not  seem  that  such 
conditions  can  have  very  general  applicability. 

Previous  researchers  are  to  be  admired  for  developing  most  of  the 
significant  economic  theorems  dealing  with  uniqueness  without  having  such 
a  powerful  tool  as  the  index  theorem  at  their  disposal.   Indeed,  as  Mas-Colell 
once  remarked  to  the  writer,  it  would  be  surprising  if  there  were  many 
significant  economic  theorems  to  be  derived  after  so  many  powerful  minds 
have  turned  their  attention  to  the  question  of  uniqueness  of  equilibrium. 
Nonetheless,  many  of  these  researchers  are  to  be  faulted  for  two  basic 
defects  in  approach.   First,  they  have  given  too  much  attention  to  the  pure 
exchange  model,  which  misses  many  of  the  subtleties  of  the  more  general 
situation.   Second,  that  previous  approaches  dealt  with  sufficient,  rather 
than  necessary,  conditions  has  led  many  to  optimistically  believe  that 
more  general  conditions  could  be  derived.   There  are,  of  course,  exceptions. 
The  work  of  Rader,  which  was  mentioned  previously,  provides  a  good 
example. 


-48- 


Nonetheless,  non-uniqueness  of  equilibrium  does  not  seem  so 
pathological  a  situation  as  to  warrant  unqualified  use  of  the  simple 
comparative  statics  method  when  dealing  with  general  equilibrium  models. 
At  present,  many  researchers  are  using  variants  of  Scarf's  algorithm  to 
evaluate  the  implications  of  policy  decisions  in  empirical  general 
equilibrium  models.   In  fact,  the  writer  is  one  of  them  (see  Kehoe  and 
Serra  [1980]).   Yet,  for  most  of  these  models  no  method  now  exists  to 
determine  whether  the  equilibrium  found  by  the  algorithm  is  unique.   To 
make  matters  worse,  it  appears  that  non-uniqueness  of  equilibria  is  an 
even  more  common  situation  in  applied  models  that  allow  for  such 
distortions  as  taxes,  price  rigidities,  and  unemployment  than  it  is  in  the 
simple  model  we  have  investigated  here.   There  is  a  suggestion  of  this 
result  in  the  work  of  Foster  and  Sonnenschein  [10];  Kehoe  [19]  presents  a 
demonstration  using  tools  similar  to  those  used  in  this  paper.   Some 
justification  can  be  surely  be  given  for  working  with  an  historically  given 
equilibrium  situation.   Care  must  be  taken,  however,  once  the  parameters 
of  the  economy  shift  in  response  to  a  policy  change.   If  there  is  more  than 
one  equilibrium,  then  the  problem  becomes  a  dynamic  one.   If  nothing  else, 
a  general  set  of  conditions  must  be  developed  to  ensure  that  the  original 
equilibrium  is  locally  stable  under  some  realistic  dynamic  adjustment  process. 
An  even  more  complex  problem  arises  as  the  parameters  move  through  critical 
economies,  where  mathematical  catastrophes  can  occur.   Much  work  on  these 
problems  obviously  remains  to  be  done. 
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